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Using a Hamiltonian treatment, harged thin shells, stati and dynami, in spherially symmetri
spaetimes, ontaining blak holes or other spei type of solutions, in d dimensional Lovelok-
Maxwell theory are studied. The free oeients that appear in the Lovelok theory are hosen to
obtain a sensible theory, with a negative osmologial onstant appearing naturally. Using an ADM
desription, one then nds the Hamiltonian for the harged shell system. Variation of the Hamilto-
nian with respet to the anonial oordinates and onjugate momenta, and the relevant Lagrange
multipliers, yields the dynami and onstraint equations. The vauum solutions of these equations
yield a division of the theory into two branhes, namely d − 2k − 1 > 0 (whih inludes general
relativity, Born-Infeld type theories, and other generi gravities) and d− 2k− 1 = 0 (whih inludes
Chern-Simons type theories), where k is the parameter giving the highest power of the urvature
in the Lagrangian. There appears an additional parameter χ = (−1)k+1, whih gives the harater
of the vauum solutions. For χ = 1 the solutions, being of the type found in general relativity,
have a blak hole harater. For χ = −1 the solutions, being of a new type not found in general
relativity, have a totally naked singularity harater. Sine there is a negative osmologial onstant,
the spaetimes are asymptotially anti-de Sitter (AdS), and AdS when empty. The integration from
the interior to the exterior vauum regions through the thin shell takes are of a smooth juntion,
showing the power of the method. The subsequent analysis is divided into two ases: stati harged
thin shell ongurations, and gravitationally ollapsing harged dust shells (expanding shells are the
time reversal of the ollapsing shells). In the ollapsing ase, into an initially non singular spaetime
with generi harater or an empty interior, it is proved that the osmi ensorship is denitely up-
held. Physial impliations of the dynamis of suh shells in a large extra dimension world senario
are also drawn. One onludes that, if suh a large extra dimension senario is orret, one an
extrat enough information from the outome of those ollisions as to know, not only the atual
dimension of spaetime, but also whih partiular Lovelok gravity, general relativity or any other,
is the orret one at these sales, in brief, to know d and k.
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3I. INTRODUCTION
In a world with extra large spae dimensions, of the order of some mirons or less, as postulated in [1℄, the
gravitational eld sees all the dimensions, whereas the standard model elds are onned to the usual world, or brane,
of three spae dimensions. Thus, the four dimensional spaetime of the brane an be seen as embedded in the d
dimensional spaetime of the whole world. In this setup several dierent problems are takled. For instane, one
solves, in a way, the hierarhy problem, sine both the Plank sale and the eletroweak sale an be made of the
same order, and so quantum gravity, being a eletroweak sale phenomenon, an be experimentally tested. Indeed, by
smashing partiles against eah other in experiments with the new generation aelerators or in eventual osmi ray
ollisions, one an produe blak holes, or perhaps other spaetimes with dierent ausal struture, with tiny masses
and radii. As this is a gravitational phenomenon, and the gravitational eld spreads into all dimensions, the newly
reated spaetimes probe all the spaetime dimensions, and in addition render visible some quantum eets (see, e.g.,
[2, 3, 4, 5℄).
Now, sine in this setting one might expose quantum gravity and large extra dimension phenomena, in order to
study the higher dimensional blak holes, or other spaetimes with dierent ausal struture, formed in the ollision of
partiles, one should onsider studying these objets in possible natural extensions to the theory of general relativity,
oneivably appropriate to a further quantum framework development. The ation of general relativity in d spaetime
dimensions is proportional to the integral of the osmologial onstant plus the Rii salar, and possible extensions
should inlude powers of the Riemann tensor, suh as the Kretshmann salar, powers of the Rii tensor, and powers
of the Rii salar [6℄. In priniple one has to hoose a riterion to pik up the right ombination of urvature
salars. For instane, adopting the riterion of keeping the same degrees of freedom, one may wonder what is the
most natural generalization of general relativity for other dimensions. Suh a generalization is given by the Lovelok
ation [7℄, where essentially one keeps the eld equations seond order. In more detail, the Lovelok theory looks
for an ation whih when properly varied yields symmetri tensors that are funtions of the metri and its rst and
seond spaetime derivatives, and divergene free. In four dimensions the orresponding ation is the Einstein-Hilbert
ation, proportional to the osmologial onstant and the Rii salar. When varied, the Einstein-Hilbert ation
yields the Einstein tensor and the metri tensor, the only tensors that display the above properties and ontribute
to the equations of motion. In dimensions higher than four Lovelok found that only ertain preise ombinations
of higher powers of the urvature salars ould enter in the ation [7℄. The interpretation in physial, geometri and
topologial terms of these preise ombinations was put forward by Teitelboim and Zanelli [8℄ (see also [9, 10℄). In
this ontext, one an rst argue that in zero spaetime dimensions, a spaetime point, there is a zero dimensional
topologial invariant whih is a numerial onstant, alled the osmologial onstant. When this term is integrated
in one or in two dimensions to form an ation, i.e., when the term is dimensionally ontinued to the next odd or
even dimension, it ontributes to the equations of motion, whih in this ase are somewhat trivial, giving either a
zero metri or a zero osmologial onstant with an indeterminate metri. Now, in two dimensions, there is also the
orresponding topologial invariant. This invariant, the Euler harateristi, is obtained by integrating the so alled
Gauss-Bonnet term. In two dimensions the Gauss-Bonnet term is the two dimensional Rii salar, whih an thus
be onsistently onsidered the orresponding Euler density. This term, being topologial, does not ontribute to the
equations of motion in two dimensions. However, when both these terms, the osmologial onstant (the topologial
invariant in zero dimensions) and the Rii salar (the topologial invariant in two dimensions) are integrated in three
or in four dimensions, i.e., when they are dimensionally ontinued to the next odd or even dimensions, they ontribute
non-trivially to the equations of motion, and indeed in three and four dimensions, yield the standard general relativity.
Now, given general relativity in four dimensions, one an add a generalized Gauss-Bonnet (i.e., a generalized Euler
density) term, in four dimensions, rst disovered by Lanzos [11℄, whih when integrated in the four dimensional
ation gives essentially the orresponding Euler harateristi, also a topologial invariant not ontributing to the
lassial eld equations. In turn, in ve and six dimensions, not only an ation with the osmologial onstant and
the Rii salar, mentioned above, ontribute to the equations of motion, but also one an dimensionally ontinue
the previous generalized Gauss-Bonnet term in order to have a meaningful extended ation, whih gives the desired
equations of motion of seond order. Of ourse, in six dimensions there is a new generalized Gauss-Bonnet term,
whih when integrated gives the orresponding Euler harateristi, not ontributing to the equations of motion.
Then, repeating this proess of adding a generalized Gauss-Bonnet term of the previous even dimension to the next
two dimensions, odd and then even, one gets the Lovelok gravity of that spei dimension. Thus, the Lovelok theory
an also be onsidered as a dimensional ontinuation of the Euler harateristis of lower dimensions [8, 9, 10℄. The
theory has, in addition to Newton's onstant and the osmologial onstant, new arbitrary dimensionful parameters,
whih should be hosen arefully. We have given a lassial motivation for inluding ertain speial new terms in the
gravitational ation in d dimensions, but there are also quantum motivations to study the dimensional ontinuation of
the Euler harateristis. Indeed, in a string theory ontext, in order to prevent the existene of ghosts in a low energy
limit of the theory, one has to add to the d dimensional general relativity ation all the previous lower dimensional
4Euler harateristis [12, 13℄.
Suppose now the world has indeed extra dimensions, and that the whole bulk spaetime obeys Lovelok gravity
rather than Einstein gravity. Thus, in this ase, it is important to study generi properties of blak holes in the Lovelok
theory. Solutions of spherial blak holes in d spaetime dimensions for Einstein-Hilbert ation plus a generalized
Gauss-Bonnet term, i.e., a speially trunated Lovelok theory, were found in [14, 15, 16, 17, 18℄. Thermodynamis
were often studied in these works. In [19℄, where blak hole solutions were also found, no relevant Lovelok term was
put to zero, rather a speial hoie was made for all the Lovelok oeients, whih depend only on the osmologial
onstant and the dimension of the spaetime. All non-topologial terms are inluded in the ation, and the theory
an thus be alled dimensionally ontinued gravity. This hoie is one among innite, but it leads to a natural
outome, where the ation in even dimensions has a Born-Infeld form, i.e., it may be regarded as the gravitational
analogue of the Born-Infeld eletrodynamis, and in odd dimensions has a Chern-Simons form. Also in [19℄, Lovelok
theory was oupled to Maxwell eletromagnetism, and the orresponding blak hole solutions with eletri harge
and osmologial onstant were found. Now, a natural extension of this presription was advaned in [20℄, where
it was allowed that the topologial term plus some non-topologial terms, starting from the top, ould be put to
zero. For instane, in d = 10 dimensions in this setting one may work just with the general relativity term and the
following generalized Gauss-Bonnet term, by putting to zero the other higher dimensional Euler densities. For the
nonzero terms, the hoie of the oeients of the theory is the same as in [19℄. This extension has as a speial ase
the dimensionally ontinued gravity of [19℄. By oupling this extension to Maxwell eletromagnetism, a general lass
of harged vauum spaetimes with a negative osmologial onstant, inluding of ourse the blak holes found in
[19℄, were exhibited [20℄. These vauum solutions yield a natural division of the Lovelok theory into two branhes,
namely d − 2k − 1 > 0 (whih inludes general relativity, Born-Infeld type theories, and other generi gravities) and
d− 2k− 1 = 0 (whih inludes Chern-Simons type theories), where k is the parameter that gives the highest power of
the urvature in the Lagrangian. In the solutions there appears an additional parameter χ, with χ = (−1)k+1. This
implies that, in addition, the solutions an be subdivided into two families of dierent haraters, one family χ = 1,
omprising solutions of the type found in general relativity, has a blak hole harater (meaning that for a orret
hoie of the parameters, suh as mass and harge, the solution is a blak hole solution, although, of ourse, for other
hoies of parameters it an be an extremal blak hole or a naked singularity), and the other family χ = −1, being
of a new type not found in general relativity, has a naked singularity harater (meaning there is no possible hoie
of the parameters that gives a blak hole solution, the full vauum solution is always singular without horizons). Of
ourse the solutions also inlude empty spaetimes. Sine in general there is a negative osmologial onstant the
spaetimes are asymptotially anti de Sitter (AdS), or when empty they are AdS itself or some form of it.
Given that one has a family of spaetimes with either blak hole or naked singularity harater, it is now important
to study matter eets, either stati or dynami (ollapsing or expanding), on these solutions. Suh a phenomenon
ould be interesting in the aftermath of a ollision between harged partiles where the debris formed in the ollision
an be areted or exreted in the newly formed harged spaetime. Aretion and exretion proesses are usually
tehnially elaborate, so to turn the analysis simpler one an study the ase of a thin shell in the bakground spaetime,
be it a blak hole or otherwise. Stati and dynami solutions on suh bakgrounds are then of interest. However,
in Lovelok theories, even a thin shell and its dynamis an bring ompliations. Indeed, in general relativity for
instane, to study a thin shell in a given bakground one has to make a smooth juntion from the interior to the
exterior spaetime, as was done in [21℄. Now, the juntion onditions, in general, depend on the theory one is studying,
and for theories with higher powers on the Riemann and other tensors this an be nontrivial [22℄. An elegant and
useful approah, that bypasses in a way the juntion onditions for a spaetime with a thin shell, uses a Hamiltonian
formalism for the theory under study. This approah was developed by Hájí£ek and Kijowski [23℄ for the theory
of general relativity with matter in four dimensions, and was subsequently explored by Crisóstomo and Olea in d
dimensional general relativity oupled to Maxwell theory and matter with appliations mainly in three spaetime
dimensions [24, 25℄. The method requires that one puts the theory in a Hamiltonian form and then one diretly
integrates the anonial onstraints, produing the shell dynamis for the bakground one wants to study. The pay
o is that, not only one avoids to have to develop ovariant juntion onditions for eah partiular theory one is
studying, but moreover the full spaetime, omprised of interior, shell, and exterior omponents, is treated as whole.
This method is partiularly well suited for symmetri ongurations. The great power of the formalism was brought
up in [26℄ where it was applied in pure Lovelok gravity to thin shell ollapse in the bakground of the unharged
spaetimes found in [20℄. Now, sine the newly formed spaetime, blak hole or otherwise, generated from a ollision
between harged partiles, is most probably harged, and for the same reason the ollapsing or expanding debris are
also harged, it is of interest to study, using the Hamiltonian formalism advaned in [26℄, the gravitational dynamis
of a harged thin shell in the harged setor of the spaetime solutions, blak hole or otherwise, found in [20℄, of
Lovelok gravity oupled to Maxwell eletromagnetism. In the usual extra dimension senarios the eletromagneti
and matter elds, being onned to the brane, do not probe the extra dimensions, so that an axisymmetri shell,
stati or ollapsing, around a spherially symmetri blak hole is an important onguration to study. However, in
5order to simplify the analysis we study instead, as a zero order approximation, a spherially symmetri shell around
a spherially symmetri blak hole (suh a onguration would be quite realisti for harged elds and partiles that
an probe the extra dimensions). Of ourse, within general relativity, a very speial ase of Lovelok gravity, suh
an analysis should reover the earlier results, obtained through a juntion ondition formalism [21℄ of harged shell
dynamis in a harged blak hole spaetime [27, 28, 29℄. All the works just mentioned are lassial, and an extension
of full Lovelok gravity into the quantum domain, or even within a semilassial approximation, although important,
seems beyond reah.
In the present artile we extend the treatment of the lassial dynamis of an unharged thin shell in an unharged
spaetime, blak hole or otherwise, with a negative osmologial onstant bakground in Lovelok-Maxwell theory,
given in [26℄, to the lassial dynamis of a harged thin shell in a harged spaetime, blak hole or otherwise, with a
negative osmologial onstant bakground in Lovelok-Maxwell theory, and among other things, show the power of
the Hamiltonian method in unifying in a single unit the three setors of the problem, namely, the gravitational, the
eletrodynami and the matter setors, as well as taking into aount automatially the smooth juntion of the several
regions of spaetime in question, the interior, the exterior and the thin shell in between. In Se. II the system under
study, namely harged vauum plus harged thin shell, is initially put in an ation and Lagrangian framework, in both
tensor and dierential forms languages. The eld ontent of the ation is omposed of three setors, the gravitational,
the eletrodynami, and the matter term. In the gravitational ation we establish the oupling onstants and make the
hoie of Lovelok oeients, utting o the Lovelok polynomial at the highest possible power of the urvature for
whih the theory is sensible. In the eletrodynami ation we write the Maxwell term and add a urrent term, whih
desribes the urrent of harged matter in the shell, and preede eah term with its oupling onstant. In the matter
ation we dene the energy-momentum tensor of a perfet uid matter soure. We then write the same ation in the
Hamiltonian form in tensorial language. For eah of the above mentioned setors of the ation we dene the anonial
oordinates and its onjugate momenta, up to surfae terms. As the system under study is a system with onstraints,
we write the onstraints and their respetive Lagrange multipliers for eah of the setors of the ation. Next, we
obtain the Hamiltonian eld equations from the Hamiltonian ation by using spherially symmetry in the ation and
varying it with respet to the anonial oordinates and momenta, for the evolution equations, and the Lagrange
multipliers, for the onstraint equations. In Se. III we analyze the vauum solutions of the derived Hamiltonian
equations and desribe their properties. Afterwards we establish the geometrial framework of the thin shell and its
Hamiltonian desription. We divide spaetime into three parts, interior spaetime, thin shell, and exterior spaetime,
and desribe their geometri set-up. Then we speify the matter properties of the thin shell, whih we dene as being
that of a perfet uid. We write its energy-momentum tensor and its relevant projetions. We then solve the omplete
Hamiltonian equations around the thin shell. First, we note that the vauum solutions yield a natural division of the
Lovelok theory into two branhes, namely d− 2k− 1 > 0 and d− 2k− 1 = 0, where k is the parameter that gives the
highest power of the urvature in the Lagrangian. There appears an additional parameter χ, with χ = (−1)k+1, whih
gives the harater of the solutions, namely, the vauum solutions may have a blak hole harater (χ = 1) or a naked
singularity harater (χ = −1). Sine there is a negative osmologial onstant, the spaetimes are asymptotially
AdS, and AdS when empty, or some form of it. Seond, the whole integration of the equations from the interior to
the exterior vauum regions through the thin shell is performed, where the smooth juntion of the several regions of
spaetime in question is automatially taken into aount by the integration, showing denitely the eay of the
method. The shell's dynamis in the vauum spaetimes is then derived and the eletrodynami onstraint equation
reovers the eletri harge onservation. An analysis of the equations of the thin shell is performed by studying two
interesting ases, namely a stati thin shell in equilibrium and the gravitational ollapse of a thin shell (the study of
gravitational expansion is simply the time reversal of gravitational ollapse, and so it is not neessary to analyze it in
any detail). For the stati shell we determine the radii at whih the shell is in equilibrium and the pressure neessary
to maintain the shell at this radius. For the gravitational ollapse of a thin shell we start studying a simple example
of dust matter in an empty interior and then prove osmi ensorship in a general ase. More speially, following
the natural division of the Lovelok theory into the two branhes mentioned above, we study the ollapse of a thin
shell onto an empty interior without osmologial onstant, and give as examples ollapse in four and ten dimensions
in general relativity, ollapse in ten dimensions in Born-Infeld type theories, and ollapse in ten dimensions in general
relativity with a single generalized Gauss-Bonnet term. We also study gravitational ollapse in ve dimensions onto an
empty interior with a osmologial onstant as an example of Chern-Simons type theories. Plots are drawn for these
ases just mentioned, whih illustrate the dynamis of the ollapse and exhibit the osmi ensorship at work. This
example of ollapse of a shell into an empty interior, in a number of theories speied by d and k, shows that eletri
harge provides a mehanism for osmi ensorship for all relevant ases, inluding those whih, in the unharged
ase, did not onform to it. Then, more generally, for gravitational ollapse onto blak hole interiors, it is proven that
the equations respet the osmi ensorship hypothesis. In Se. IV we onlude and draw some physial impliations
in onnetion with the extra large dimensions senario. We put c = 1.
6II. ACTION, LAGRANGIAN, HAMILTONIAN AND EQUATIONS OF MOTION IN LOVELOCK
GRAVITY COUPLED TO MAXWELL ELECTRODYNAMICS AND A CHARGED THIN SHELL IN A
SPHERICALLY SYMMETRIC BACKGROUND
A. Ation, Lagrangian, and Hamiltonian in a general form
1. Ation and Lagrangian
For our purposes of studying harged matter in a d dimensional harged bakground spaetime, the eld ontent
is divided into three setors, the gravitational, the eletrodynami, and the matter setors. Then, the ation I an
be written as the sum of a gravitational ation I(g), an eletrodynami ation I(e), and a generi matter eld ation
I(m), whih will be speialized later on to be a harged thin shell. Thus,
I = I(g) + I(e) + I(m) . (1)
The gravitational ation and Lagrangian:
The gravitational setor of the ation, I(g), depends on whih theory one wants to adopt. General relativity, rst
formulated in four spaetime dimensions, an be trivially extended to higher d spaetime dimensions by hanging the
ation from a four dimensional integral of the osmologial onstant term and the Rii salar, to a d dimensional
integral of both terms. However, this extension is no longer unique. Another natural extension is given by the
Lovelok gravity [7℄, in whih its ation results from demanding that the Euler-Lagrange equations derived from the
orresponding Lagrangian yield all tensors Aµν symmetri in µν, ourring onurrently with the metri tensor gµν
and its rst two derivatives, i. e., Aµν = Aµν(gρσ; gρσ;γ ; gρσ;γδ), and divergene free. In four dimensions only the
osmologial onstant and the Rii salar yield an ation with these properties, whih is preisely the Einstein-Hilbert
ation. As one goes to higher dimensions new generalized Gauss-Bonnet terms, topologial in nature in the previous
dimension, make their appearane. As mentioned in the Introdution, the Lovelok theory an then be onsidered as
a dimensional ontinuation of the topologial Euler harateristis of lower dimensions [8, 9, 10℄. The theory has, in
addition to Newton's onstant and the osmologial onstant, new arbitrary dimensionful parameters, whih should
be hosen arefully. Due to its interest and generality, we work here with Lovelok gravity. The gravitational part
I(g) in (1) is then the Lovelok ation, whih turns out to be a polynomial in the urvature tensor, of degree [d/2],
where the brakets [d/2] represent the integer part of d/2. This ation, and the orresponding Lagrangian L dened
through I =
∫
dd xL, an be written as
I(g) = κ
∫
M
ddx
[d/2]∑
p=0
αp
√−g 2−p δµ1···µ2pν1···ν2p Rν1ν2µ1µ2 · · ·Rν2p−1ν2pµ2p−1µ2p , (2)
where κ is inversely proportional to the Newton's onstant (whih will be appropriately hosen below), M stands
for the spaetime manifold, g is the determinant of the spaetime metri, and µ1, µ2, ... are spaetime indies. The
generalized δ funtion is antisymmetri in all of the upper indies and all of the lower indies, and Rν1ν2µ1µ2 is the
Riemann tensor. The oeients αp are arbitrary in general, apart from the rst two α0 and α1. Indeed, in the
gravitational ation (2), the rst term of the integrand is the osmologial onstant Λ and the seond term of the
integrand is the Rii salar R, i.e., the terms of the Einstein-Hilbert ation. This shows that general relativity is
ontained in the Lovelok theory as a partiular ase, namely by putting in the ation all the αp = 0 for p ≥ 2.
For even dimensions, the term p = d/2 in the ation (2) is the Euler harateristi of that d dimensional manifold
and does not ontribute to the eld equations. However, although not relevant for the purposes of this paper, the
presene of the Euler term guarantees the existene of a well dened variational priniple for asymptotially loally
AdS spaetimes (see [20℄). Lovelok gravity, from the way it is onstruted, has the same essene as general relativity.
However, the theory is more ompliated, it sets extra problems not present in general relativity and yields new
interesting features. For instane, for d > 4 the elds may evolve in a non-unique manner, suh that, given initial
values for the elds at t = t0, at t > t0 the equations of motion do not determine those elds ompletely. This
is due to the presene in the Lagrangian of high powers in the rst derivative of the metri tensor with respet to
time [8, 9, 10℄. An interesting aspet of Lovelok gravity is that, although its linearized approximation is lassially
equal to the orresponding linearized approximation in general relativity [13℄, in the full strong gravity regime of the
theory, the higher powers of urvature in the Lagrangian yield solutions that are dierent, and suh type of solutions
in Lovelok theory annot be reahed through a solution in general relativity [14℄-[26℄.
Another feature is the fat that, in addition to the onstant κ (inversely proportional to an appropriate generalization
of Newton's onstant) and the osmologial onstant Λ, there are the [(d+ 1)/2] arbitrary dimensionful parameters.
7Now, for a given dimension and an arbitrary hoie of the oeients αp, the dynamial evolution an beome
unpreditable [8, 9, 10℄, thus it is advantageous to restrit these oeients in order to be able to onstrut meaningful
blak hole and other solutions. An important step in this diretion was taken rst in [19℄ and generalized in [20℄, where
the oeients αp were hosen so that unique sensible solutions, with well dened perturbations ould be found. One
way to meet these requirements is to demand, in a onsistent way, that the theory has a unique osmologial onstant
Λ as shown in [19, 20℄, whih leads to the hoie
αp := c
k
p =


l2(p−k)
(d−2p)
(
k
p
)
, p ≤ k
0, p > k
, (3)
where l is a length sale of the theory given in terms of the osmologial onstant Λ by
Λ = − (d− 1)(d− 2)
2l2
. (4)
As seen in the last expression, in this setting the osmologial onstant is negative throughout, and so the solutions
will be asymptotially AdS solutions. We are then left with a set of theories labeled by an integer k, with 1 ≤ k ≤
[(d − 1)/2]. One should explain better the dependene of the theories on k. In [19℄ k was put equal to its maximum
value always, k = [(d − 1)/2], i.e., no pertinent Lovelok term is put to zero, and one has the orresponding speial
hoie made in Eq. (3). In this ase, all non-topologial terms, plus the topologial non-dynamial term in the
even dimensional ase, are inluded in the ation, and the theory an thus be alled dimensionally ontinued gravity,
sine as one goes one dimension up, what was a topologial term in the previous dimension, is now a term that
ontributes dynamially when one ontinues the dimension. In even dimensions, d ≥ 4, this hoie leads to a Born-
Infeld gravitational ation, the gravitational analogue of the Born-Infeld eletrodynamis, and in odd dimensions,
d ≥ 5, it leads to a Chern-Simons gravitational ation [19℄. This dimensionally ontinued theory [19℄ an be naturally
extended by aneling higher order terms, from a given integer k upwards. This was done in [20℄. For instane one
an set up a theory in whih only the terms p = 0 and p = 1 appear, thus k = 1. This theory is general relativity. If
one puts k = 2 one gets general relativity plus the orresponding generalized Gauss-Bonnet term, and so on, up to
the dimensionally ontinued gravity where k = [(d− 1)/2]. In brief, for a given dimension d, depending on the hoie
of the integer k, one generates dierent theories, with k giving the highest power of the urvature in the Lagrangian.
Now, the other fundamental onstant κ an be related to a generalized Newton's onstant Gk, labeled by k, with
units [Gk] = (length)
d−2k
, through
κ =
1
2(d− 2)!Ω(d−2)Gk
, (5)
where Ωd−2 is the area of the unit sphere in d−2 dimensions. These theories have well dened blak hole ongurations.
The eletrodynami ation and Lagrangian:
The eletrodynami setor of the ation (1), the eletrodynami ation I(e), an be hosen to be the eletromagneti
Maxwell term plus a matter eletri urrent, and an be written as
I(e) = − 1
4ǫΩd−2
∫
M
dd x
√−gFµνFµν − 1
ǫ
∫
M
dd x
√−gJµAµ , (6)
where ǫ is related to the vauum permitivity ǫ0 through the expression ǫ =
ǫ0
Ωd−2
, g is the determinant of the spaetime
metri gµν , F
2 = FµνF
µν
is the square of Fµν = ∇µAν − ∇νAµ, whih is the Maxwell tensor, with Aµ being the
eletromagneti potential, and Jµ is the eletri urrent. For vauum solutions Jµ is zero, and one has pure Maxwell
eletromagnetism.
The matter ation and Lagrangian:
The last term in the ation (1), the matter ation I(m) is dened as
I(m) =
∫
ddx
√−gLm , (7)
where the matter Lagrangian Lm is dened through the energy-momentum tensor of the matter Tµν by
Tµν = −
(d− 2)! Ω(d−2)
4 π
√−g
δI(m)
δgµν
, (8)
where δ here means variation. In vauum I(m) = 0. Later on we will speify the matter as being made of a harged
thin shell.
82. Hamiltonian
In order to apply the Hamiltonian framework, we use the Arnowitt-Deser-Misner (ADM) formulation [30℄ where
there is a foliation of spaetime into t = onstant hypersurfaes, denoted by Σt. In this foliation of the spaetime the
metri, both inside and outside, is written generially as
ds2 = −(N⊥)2dt2 + gij(N idt+ dxi)(N jdt+ dxj) , (9)
where N⊥ and N i are the lapse and shift funtions of the foliation, respetively. The gij are the metri oeients of
the intrinsi geometry of the hypersurfaes Σt, where i, j run only on the spatial omponents. It is known that the
ation I =
∫
ddxL, with L the Lagrangian, an be written as
I =
∫
dt
∫
dd−1x
(
πij ˙gij −H
)
, (10)
where πij = δL/δ ˙gij are the momentum omponents onjugate to the metri omponents gij , ˙gij are the respetive
oordinate time derivatives, and H is the Hamiltonian of the system. It is then useful to write the Hamiltonian in the
form
H = N⊥H⊥ +N iHi , (11)
where H⊥ is the normal Hamiltonian onstraint that generates the time translations normal to the hypersurfae Σt,
and Hi are the tangential onstraints that generate the translations in eah of the hypersurfaes Σt, whih is the same
as saying that Hi is the generator of hypersurfae dieomorphisms, or that it generates oordinate transformations
in Σt. In addition, one an write,
H⊥ = H(g)⊥ +H(e)⊥ +H(m)⊥ , Hi = H(g)i +H(e)i +H(m)i (12)
where the supersript (g) refers to the gravitational setor, the supersript (e) refers to the eletrodynami setor,
and the supersript (m) refers to the matter setor of the Hamiltonian. The lapse funtion N⊥ and the shift funtions
N i of the ADM metri at here as Lagrange multipliers.
The gravitational Hamiltonian:
For the Lovelok theory, the Hamiltonian omponents of the gravitational eld an be taken from the ation (2), the
momenta onjugate to the orresponding Lagrangian πij = δL/δ ˙gij , and ˙gij , with the result [8, 9, 10℄
H(g)⊥ = −κ
√
g
∑
p
(d− 2p)!αp
2p
δ
i1···i2p
j1···j2p R
j1j2
i1i2
· · ·Rj2p−1j2pi2p−1i2p , (13)
H(g)i = −2πji|j . (14)
The Rijkl in (13) are the spatial omponents of the urvature tensor in the d−dimensional spaetime. The Gauss-
Codazzi equations give us the relation between this tensor and Rˆijkl, the Riemann tensor intrinsi to the surfae
Σt,
Rijkl = Rˆijkl +KikKjl −KilKjk , (15)
where Kij is the extrinsi urvature tensor of the surfae, given by the expression,
Kij =
(
1
2N⊥
)
(Ni;j +Nj;i − g˙ij) . (16)
The semiolon in the indies denotes the intrinsi ovariant derivative in the hypersurfae Σt, and the dot is the deriva-
tive of the spatial-spatial omponents of the metri with respet to the time oordinate. The onjugate momentum
to gij an be found through δL/δ ˙gij , whih in this ase gives [8, 9, 10℄
πij = −κ
√
g
∑
p
p! (d− 2p)!αp
2p+1
p−1∑
s=0
Ds(p) δ
ii1···i2s···i2p−1
jj1···j2s···j2p−1 ×
× Rj1j2i1i2 · · ·R
j2s−1j2s
i2s−1i2s
K
j2s+1
i2s+1
· · ·Kj2p−1i2p−1 , (17)
9where,
Ds(p) =
(−4)p−2
s! [s(p− s)− 1]!! . (18)
Here the double fatorial is dened by:
s!! ≡


s · (s− 2) . . . 5 · 3 · 1 s > 0 odd
s · (s− 2) . . . 6 · 4 · 2 s > 0 even
1 s = −1, 0
. (19)
The eletrodynami Hamiltonian:
The ation in a Hamiltonian form of the eletrodynami eld in a urved bakground is given by Ie =∫
dt
∫
dD−1x
[
piA˙i − 12N⊥
(
Ωd−2 1√g p
ipi +
√
g
2Ωd−2
F ijFij
)
+ ϕpi,i − ϕJ0
]
, where pi is the momentum onjugate to
the spatial omponents of the gauge eld Ai, ϕ ≡ A0, Fij are the spatial omponents of the Maxwell tensor, J0 is the
time omponent of the eletri urrent, and Ωd−2 is the area of the (d− 2)-dimensional unit sphere. We are ignoring
surfae terms sine they will be automatially taken into aount in this setting. From the eletrodynami ation,
and using the denition given in Eqs. (11) and (12), we have
H(e)⊥ =
1
2
Ωd−2
1√
g
pipi +
√
g
2Ωd−2
F ijFij , (20)
H(e)i = 0 . (21)
Besides the usual onstraints, there is also a new onstraint Eϕ, assoiated with the Lagrangian multiplier ϕ
Eϕ ≡ pi,i − J0 . (22)
The matter Hamiltonian:
The matter setor of the Hamiltonian onstraint is written as
H(m)⊥ =
√
g T⊥⊥ , (23)
H(m)i = 2
√
g T⊥i , (24)
where Tµν is the matter energy-momentum tensor, and where the index ⊥ means that the tensor has been ontrated
with the hypersurfae normal nµ = (−N⊥, 0, 0, 0). In the following we will speify the matter as being made of a
harged thin shell.
B. Hamiltonian and eld equations for thin shells with interior and exterior stati vaua in spherially
symmetri spaetimes
1. Gravitational, eletrodynami, and thin shell Hamiltonians in spherially symmetri spaetimes
Using the Hamiltonian formalism, we now want to set up the eld equations appropriate for harged thin shells in
stati spherially symmetri harged Lovelok bakgrounds. The formalism advaned here an be used for both stati
and dynami thin shells. In the next setion we will make full use of the formalism when we apply it rst to nd the
pressure neessary to maintain a harged thin shell in stati equilibrium in a vauum bakground interior, blak hole
or otherwise, and seond to the study of the ollapse of a harged thin shell into a vauum bakground interior, blak
hole or otherwise, in Lovelok gravity oupled to Maxwell eletromagnetism. Sine the three setors that enter the
problem are the gravitational bakground, the eletrodynami interation, and the matter that onstitutes the shell,
we have to set up the metris for the interior and exterior to the shell, we have to give the form of vetor potential
eld, and we have also to give the energy momentum tensor.
The gravitational Hamiltonian in spherially symmetri spaetimes:
We assume now the shell traes its spaetime trajetory in a stati spherially symmetri bakground. Thus the
generi ansatz both for the exterior and interior to the shell an be written as
ds2 = −N2(r)f2(r)dt2 + dr
2
f2(r)
+ r2dΩ2d−2 , (25)
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where Shwarzshild type oordinates {t, r, θ1, θ2, · · · , θ(d−2)} have been hosen, N(r) is the lapse funtion exlusively
dependent on the radial oordinate, f(r) is the metri funtion, dependent on r only, and dΩ2d−2 is the line element of
the d− 2-dimensional unitary sphere, written expliitly as dΩ2d−2 = (dθ1)2+sin(θ1)2(dθ2)2+sin(θ1)2 sin(θ2)2(dθ3)2+
· · ·+∏d−3i=1 sin(θi)2 (dθ(d−2))2. With the ansatz (25), the rst gravitational onstraint (13) is written as
H(g)⊥ = −κ
(d− 2)!
rd−2
√
g
d
dr
{
rd−1
∑
p
(d− 2p)αp
(
1− f2
r2
)p}
, (26)
and the other gravitational onstraints (14) yield the equation
H(g)i = κ
√
Ω(d− 2)!
k∑
p=0
p!(d− 2p)!αp
2p+1(d− 2p− 1)!
p−1∑
s=0
2sDs(p)f
2(s−p)(1− f2)s ×
× d
dr
(
rd−2p−1(αpr˙)2p−2s−1
)
, (27)
where Ω is the angular part of the determinant g of the intrinsi metri gij of the hypersurfae Σt, with g = grrr
d−2Ω,
and we use the fat that the metri is diagonal. The funtion Ds(p) is dened in Eq. (18).
The eletrodynami Hamiltonian in spherially symmetri spaetimes:
For a stati system with spherial symmetry the eletromagneti eld is purely eletri and radial for an outside
observer at rest. In this ase, the vetor potential has only one non-zero omponent, whih depends exlusively on
the radial oordinate.
At = A(r) . (28)
Given the symmetries and the fat that we are working on a stati bakground, the totally spatial omponents of
the Maxwell tensor are null, i.e., Fij = 0, i, j = r, θ
1, · · · , θ(d−2). The only non-vanishing omponent of the Maxwell
tensor is Ftr = −∂rAt(r), with also Frt = ∂rAt(r). Thus, eletrially harged, stati, spherially symmetri vauum
solutions imply
Fij = 0 , (29)
pi = (0, pr, 0, . . . , 0) , (30)
A˙i = 0 and p˙
i = 0 , (31)
where Eq. (29) means there is no magneti eld, Eq. (30) means the eletri eld is spherially symmetri, and Eq.
(31) means the eld is stati. From equations (20)-(22), the eletrodynami onstraints, assoiated with the Lagrange
multipliers N⊥ and ϕ, are, respetively,
H(e)⊥ =
1
2
√
g
Ωd−2 prpr =
1
2
√
g
Ωd−2 (pr)2f−2(r) , (32)
H(e)i = 0 , (33)
Eϕ = p
r
,r − J0 , (34)
where f(r) omes from (25).
The thin shell Hamiltonian in spherially symmetri spaetimes:
We want to spell out ompletely the matter onstraints, namely, H(m)⊥ =
√
g T⊥⊥ andH(m)i = 2
√
g T
(m)
⊥i , for a harged
thin shell in a harged vauum bakground geometry. More preisely we want to develop a Hamiltonian framework
for this situation and set up a natural juntion whih arises in this formalism. For this to be made we have rst
to desribe the geometrial set-up in order to be able to write the projeted omponents of the energy-momentum
tensor, namely, T⊥⊥ and T⊥i.
First we state the nomenlature for the thin shell and for the interior and exterior spaetimes. The thin shell is
a d − 2-dimensional spaelike surfae, whih evolves in time, see Figure 1. This time evolution of the thin shell an
be represented by a timelike hypersurfae ∂Vξ, a boundary surfae, whih divides spaetime into two regions, the
interior, denoted by V (−), and the exterior, denoted by V (+). At eah point on the boundary surfae there exists
a unit spae-like vetor ξ, with omponents ξµ, normal to ∂Vξ, and pointing from the interior V
(−)
to the exterior
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V (+). In ∂Vξ there is a set of intrinsi spaetime oordinates ρ
a
, where a runs from 0 to d − 2. In the regions V (−)
and V (+) independent oordinates are introdued, xµ− and x
µ
+ respetively (where µ runs from 0 to d− 1), and so the
parametri equations for ∂Vξ in these oordinates are x
µ
−(ρ
a) and xµ+(ρ
a). Thus, ∂Vξ has tangential vetors ea with
omponents given by eµa =
∂xµ
∂ρa . Sine ∂Vξ represents the spaetime evolution of the d− 2-dimensional thin shell, the
d-veloity u, with omponents uµ, of the matter of the shell is tangential to ∂Vξ, with u being orthogonal to ξ, and
vanishing outside the shell. One an also onsider an intrinsi veloity vetor u¯, with omponents u¯a, related to the
veloity u through the relation uµ = eµa u¯
a
, where u¯ is built by onsidering the evolution of matter in the shell using
oordinates (ρ1, · · · , ρd−2) intrinsi to the shell, and the intrinsi time ρ0.
a
o ξV
o ξV
u
n
e
ξ
X
T
Σt
V V
− +
FIG. 1: The shell trajetory manifold ∂Vξ in spaetime is depited. V− and V+ are the spaetime regions interior and exterior
to ∂Vξ, respetively, and Σt is the hypersurfae interseting ∂Vξ. Also shown are the normal vetor n (normal to Σt), the
veloity vetor u (tangent to ∂Vξ), the vetor ξ (the spaelike normal to ∂Vξ), and the vetor ea (the generi tangent vetor to
∂Vξ). The vetors indiating the origin and diretion of the adapted oordinate system {T,X} are depited together with the
u and ξ vetors.
Working with the spherially symmetri metri (25), we hoose the intrinsi oordinates of the thin shell surfae
∂Vξ as the proper time τ , and the spherial angles of the Shwarzshild-like oordinates, so that ρ
a = (τ, θ1, . . . , θd−2).
The motion of the shell is governed by the radial funtion of the proper time r = R(τ). The derivative with respet
to τ will heneforth be denoted by a dot, e. g. ddτR(τ) ≡ R˙(τ). The line element for ∂Vξ in these oordinates is
ds2Σ = −dτ2 +R2(τ)dΩ2d−2 . (35)
We want to study the spaetime evolution of a thin shell in a vauum bakground with metris of the type given in
(25). Thus, the interior V (−) and exterior V (+) spaetimes have their general line element given by
ds2− = −f2−(r)dt2− + f−2− (r)dr2 + r2dΩ2d−2 , (36)
ds2+ = −f2+(r)dt2+ + f−2+ (r)dr2 + r2dΩ2d−2 . (37)
The radial and angular oordinates math ontinuously at the shell, but the time oordinates do not in general. The
radial and angular oordinates math on aount of the fat that the surfae area of the shell is independent of the
oordinates used to determine it, and it should be the same on both sides, as we are working in the limit of innitesimal
thikness, the thin shell limit. As the area of the shell is a funtion of the radial position of the shell R(τ), there
should not be a dierent radius for the shell inside and outside, as we would be attributing two dierent areas to the
shell. Also, spherial symmetry allows us to indue oordinate harts on the manifold ∂Vξ merely by restriting the
harts of V (−) and V (+) to their boundary on ∂Vξ. As, due to symmetry, the radial and angular oordinates on both
sides of the shell are the same, their restrition to the shell should be the same, and hene math perfetly. However,
the restrition of the inside line element (36) to the surfae of the shell must math the restrition of the outside line
element (37), all having the general form (35) on the shell. In these oordinates the vetors u and ξ dened above
(see also Figure 1) have the following omponents,
uµ =
(
γ
f2
, R˙, 0, 0
)
, (38)
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ξµ =
(
R˙
f2
, γ, 0, 0
)
, (39)
where
γ =
√
f2 + R˙2 , (40)
where γ± is a generalized Lorentz fator. These vetors were obtained through the mathing of (36) and (37) to the
surfae line element (35), using the relation uµ = dx
µ
dτ , where the t± oordinates and the radial oordinate are treated
as funtions of the proper time τ . We have also used uµuµ = −1, ξµuµ = 0, and ξµξµ = 1 (as ξ is the spaelike normal
to ∂Vξ).
The shell matter properties are desribed by the surfae energy-momentum tensor Tab, whih is orthogonal to ξ
and vanishes outside the hypersurfae ∂Vξ. For an observer in the shell, Tab is written in intrinsi oordinates, whih
for a perfet uid is given by
Tab = σu¯au¯b + P (hab + u¯au¯b) , (41)
where σ is the rest mass surfae density, P is the surfae pressure (or, when negative, the surfae tension), and
hab ≡ gµνeµaeνb . Tab is onned to the hypersurfae ∂Vξ and it satises the onservation equation, T ba|b = 0, where a |
denotes ovariant dierentiation on the hypersurfae, whih implies the expliit equation
(σu¯a)|a + P u¯
a
|a = 0 , (42)
this last being obtained by multiplying the tensor Tab by u¯
a
.
To apply the Hamiltonian formalism we should pass to a spaetime haraterization of the energy-momentum
tensor. In order to do so we dene the spaetime energy-momentum tensor as
T µν = T abeµa e
ν
b . (43)
Then, in order to write T⊥⊥ and T⊥i we must rst write the energy-momentum tensor in an adapted oordinate system
{T,X, θ1, · · · , θd−2} (see Figure 1), where T and X are the time and radial adapted oordinates, and θ1, · · · , θd−2 are
the usual angular oordinates. In more detail, the origin of the new adapted oordinate X is at the shell, and the
diretion of any vetor in X alone is the same as that of the outward spaetime normal to the surfae, ξ, and the
diretion of any vetor in T alone is the same as that of the tangent vetor u. Then,
T µν = {σuµuν + P (hµν + uµuν)} δ(X) , (44)
where hµν is the intrinsi metri of the shell written as a bulk d dimensional spaetime tensor, hµν = gµν − ξµξν , and
uµ is the veloity of the partiles of the shell written as a bulk d dimensional vetor. When written as a bulk tensor,
the energy momentum tensor of the thin shell is proportional to a delta funtion. Now, T⊥⊥ is given by T µνnµnν ,
whih means that T µνnµnν = [σu
µuνnµnν + P (h
µνnµnν + u
µuνnµnν)] δ(X) . Knowing that n
µnµ = −1, we have
that (N⊥)2 = f2. So u⊥u⊥ = γ2/f2 . In the same way, we obtain hµνnµnν = −1 − (R˙2)/(f2) . We arrive thus at
T⊥⊥ = σ
(
γ2/f2
)
δ(X) . It is, however, neessary to write the delta funtion as a funtion of the radial oordinate r.
This means we have to return to the original Shwarzshild type oordinates of the metris (36) and (37). For that,
we write dt = utdT +ξtdX, dr = urdT +ξrdX . As we are interested in the energy-momentum tensor on the spaelike
hypersurfae Σt, we make dt = 0 and obtain the dierential relation dr/dX = ξ
r − (ur/ut)ξt = f2/γ . Taking into
onsideration the relation δ(f(x)) = Σiδ(x − xi)/ |f ′(xi)| , where xi are the zeros of a general funtion f(x), and ′
denotes dierentiation with respet to the argument of the funtion, we have δ(X) =
(
f2/γ
)
δ[r − R(τ)] . Plugging
one equation into the other we get
T⊥⊥ = σγδ[r −R(τ)] , (45)
where σ is the energy surfae density on the shell, γ is given in (40), and R(τ) is the shell radial funtion.
For the other omponents of the matter tensor, T⊥i, we have rst to dene z
µ
i =
∂xµ
∂yi as the projetion vetors
onto the hypersurfae Σt, where y
i
are the intrinsi oordinates of Σt. Then, writing the intrinsi metri of ∂Vξ as
hµν = gµν − ξµξν , and knowing that uµξµ = 0, we arrive at
T⊥i =
f2
γ
[
(σ + P )(−N⊥f−2γ)ui + Pui
]
δ[r −R(τ)] , (46)
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where ui are the omponents of the veloity vetor projeted onto Σt. It is then possible to write ompletely the
matter onstraints as
H(m)⊥ =
√
g σγδ[r −R(τ)] , (47)
and
H(m)i = 2
√
g
f2
γ
[
(σ + P )(−N⊥f−2γ)ui + Pui
]
δ[r −R(τ)] . (48)
One remark is due, regarding the foliation of spaetime. From the way we have slied the spaetime, by looking at
the ADM metri (9) and the fat that we are working with spherial symmetry and stati bakground (f. (25)), we
see that the shift Lagrange multipliers N i are equal to zero. Therefore, every onstraint with omponents in the Σt
hypersurfae Hi will not be relevant to our disussion. In the following we will need neither T⊥i nor H(m)i .
2. The equations of motion
By varying the Hamiltonian ation, written with the onstraints spelt out previously, with respet to g, N⊥, ϕ,
and pr the eld equations will be, respetively
dN
dr
= 0 , (49)
−κ (d− 2)!
rd−2
d
dr
(
rd−1
[
F (r) +
1
l2
]k)
=
p2
2Ωd−2
+ T⊥⊥ , (50)
d
dr
(
rd−2p
)
= rd−2 j0 , (51)
dϕ
dr
+N p = 0 , (52)
where F (r) = (1− f2(r))/r2, N = N⊥(grr) 12 , and p(r) is a redenition of the anonial momentum radial omponent
pr through
pr = rd−2
Ω
1
2
Ωd−2
p , (53)
where Ω is the angular part of the determinant g of the intrinsi metri gij of the hypersurfae Σt, with g = grrr
d−2Ω,
and we have used the fat that the metri is diagonal. In the same way we have redened the urrent's time omponent
J0 = rd−2
Ω
1
2
Ωd−2
j0 . (54)
We also have used (3) to write
∑
p
(d− 2p)αp
(
1− f2
r2
)p
=
(
F +
1
l2
)k
. (55)
One should note that varying with respet to N⊥ and ϕ is requiring that the onstraints be made equal to zero,
beause both are Lagrange multipliers. That is, in the ase of N⊥, the variation implies H⊥ = 0, and varying with
respet to ϕ implies Eϕ = 0.
Equations (49)-(52) are valid for any thin spherially symmetri harged shell in Lovelok gravity oupled to
Maxwell eletromagnetism. One has only to give the thin shell delta-funtion energy-momentum tensor and integrate
the equations to nd the solutions. Note that the Eq. (50) is valid only for a delta funtion energy-momentum
tensor. Indeed this equation when integrated gives the equation of motion of the shell itself, but if one has a
ontinuous distribution of matter, instead of a thin shell, then within the matter there exists time dependene in the
metri funtion, whih should be taken into aount. In the ase of the thin shell we were able to ignore this time
dependene, sine inside and outside the shell it is possible to set up stati bakgrounds.
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III. THIN SHELL SOLUTIONS IN A VACUUM BACKGROUND WITH SPHERICAL SYMMETRY
A. Spherially symmetri vauum solutions: solutions with blak hole harater, with naked singularity
harater, and empty solutions
The vauum solutions are obtained when we onsider the matter ation equal to zero, T⊥⊥ = 0, and when there is
no vetor urrent, Jµ = 0. So, after integrating the eld equations above, one obtains the vauum solutions [20℄
N = N∞ = 1 , (56)
f2(r) = 1 +
r2
l2
− χ gk(r) , (57)
p(r) = ǫ
Q
r(d−2)
, (58)
ϕ(r) = ϕ∞ +
ǫ
(d− 3)
Q
r(d−3)
. (59)
The funtion gk(r) is dened by
gk(r) =
(
2GkM + δd−2k,1
rd−2k−1
− ǫGk
(d− 3)
Q2
r2(d−k−2)
)1/k
, (60)
where the integration onstants M and Q are the mass and eletri harge of the solutions, and where we have used
Eq. (5) for the denition of κ in terms of Gk. From Eqs. (56)-(60), in partiular from Eqs. (58) and (60), one notes
that the vauum solutions yield a natural division of the Lovelok theory into two branhes, namely d−2k−1 > 0 and
d− 2k− 1 = 0, with d being the dimension of the spaetime and k the parameter that gives the highest power of the
urvature in the Lagrangian. The branh d− 2k− 1 > 0 embodies general relativity when k = 1 (any d), Born-Infeld
when k = [d−12 ], and other generi ases. The branh d − 2k − 1 = 0 embodies Chern-Simons type theories alone.
Worth mentioning now is the fat that in the d − 2k − 1 > 0 branh the empty vauum solutions have M = 0 and
Q = 0, whereas in the d − 2k − 1 = 0 branh the empty vauum solutions have M = −(2Gk)−1 and Q = 0. In the
solutions, there appears an additional unusual parameter χ. The parameter χ is the spaetime harater, given by
χ = (±1)k+1 . (61)
This means that the vauum solutions may have a blak hole harater or a naked singularity harater. For χ = 1
the solutions, being of the type found in general relativity, have a blak hole harater, sine for a orret hoie of
the parameters, suh as mass and harge, the solution is a blak hole solution, although, of ourse, for other hoies
of parameters it an be an extremal blak hole or a naked singularity. For χ = −1 the solutions, being of a new type
not found in general relativity, have a naked singularity harater, as there is no possible hoie of the parameters
that gives a blak hole solution, the full vauum solution is always singular without horizons. Note also that Eq.
(61) implies that if k is odd (suh as in general relativity, where k = 1) the harater χ = 1 only, whereas if k is
even (suh as in general relativity with a Gauss-Bonnet term, where k = 2) the harater χ an have both values
±1. Note also that in the d− 2k − 1 = 0 Chern-Simons theory, the blak hole vauum spaetime, i.e., the vauum of
the χ = 1 harater blak hole solution, given by M = 0 and Q = 0, is dierent from the usual AdS spaetime, and
there is a mass gap between these spaetimes, with the latter being obtained for M = −(2Gk)−1, as mentioned above.
Equations (56)-(61) provide the eletrially harged solutions of the Lovelok theory dened by the parameters d and
k oupled to Maxwell eletromagnetism, with d ≥ 4. The dimension d = 3 yields singular solutions in the harged
setor, and so we do not onsider this dimension in this work, although in the unharged setor it yields perfetly
sensible solutions [19℄.
Now, given a spaetime solution one should searh for horizons and singularities. For χ = 1 the solution has a blak
hole harater and an have horizons and singularities, i.e., the solutions represent blak holes when the parameters are
appropriately hosen. For χ = −1 the solution has a naked singularity harater, and should have only singularities
with no horizons, independently of the hoie of the other parameters. First we loate the horizons for the χ = 1
solutions, and then we loate the singularities for both χ = ±1. For χ = 1, the zeros of f(r), in the oordinates used,
give the horizons. Upon lose srutiny, the properties of these solutions have many similarities with the d dimensional
Reissner-Nördstrom-AdS blak holes in pure general relativity. Moreover, this set of blak hole solutions redues to the
d dimensional Reissner-Nördstrom-AdS blak holes for k = 1, and the harged Born-Infeld and harged Chern-Simons
blak hole solutions are reovered for d = 2k + 2 and d = 2k + 1, respetively [19℄. For generi values of d and k, in
analogy with the Reissner-Nordström geometry, the blak hole solutions possess, in general, two horizons loated at
15
the roots of f2(r), one is the event horizon r+, and the other the Cauhy horizon r−, with r− < r+. When the two
horizons merge the blak hole is extremal as usual. If the solution is overharged one has a naked singularity for some
value of Q in terms of M [20℄. Now one nds the loation of the singularities, whih an be treated together for both
haraters χ = ±1. The salar urvature is
R =
1
rd−2
d2
dr2
[
rd−2
(
gk(r) − r
2
l2
)]
. (62)
For k = 1, general relativity with its Reissner-Nördstrom-AdS blak holes, one nds that R = 0 as it should, thus in
this ase the singularities are loated when the Kretshmann salar, Rµνρσ R
µνρσ
, blows up, whih is at r = 0. For
k > 1 the Rii salar is no more zero, R 6= 0. In this ase, Eq. (62) has a singularity at the zero of the funtion
gk(r), and is due to the existene of an eletri eld. This is a real timelike singularity loated at re
re =
[
ǫ
2(d− 3)
Q2
(M + (2Gk)−1δd−2k,1)
]1/(d−3)
, k > 1 . (63)
This singularity an be reahed in a nite proper time interval. However, an external observer is proteted from it
beause both horizons over it, re < r− < r+. Moreover, for even k, regions where r < re have a metri with omplex
funtions, so there is no solution in this region. For odd k, the metri an be dened in the region 0 < r < re, where
r = 0 is also a spaetime timelike singularity. This solution has no horizons, and is dened between two timelike
singularities and so is of no interest to us. For all purposes the solutions of interest, for k > 1, are dened in the
interval re < r <∞, and for k = 1 (general relativity) in the interval 0 < r <∞. The orresponding Carter-Penrose
diagrams an be easily skethed.
B. Spherially symmetri thin shell solutions through the Hamiltonian formalism
1. Shell dynamis
(a) The two master equations
We now want to nd the equations governing the motion of a thin shell in a vauum bakground of a given Lovelok
theory speied by the dimension d of the spaetime and the parameter k, whih gives the highest power in the
urvature terms in the Lagrangian of the theory. In order to obtain shell solutions in a vauum bakground, as
opposed to pure vauum solutions, we study the omplete eld equations, Eqs. (49)-(52), and take into onsideration
the matter term H(m) and the eletri urrent Jµ in those equations. We know that inside the shell the spaetime
solution, with mass M− say, is obtained by integrating the onstraint H⊥ = 0, i.e., the Eq. (50) with T⊥⊥ = 0, with
the vauum solution given in (57). In the same way, outside the shell the spaetime vauum solution, with mass M+
say, is obtained by integrating the onstraintH⊥ = 0, i.e., the Eq. (50) again with T⊥⊥ = 0, with the vauum solution
given in (57). It remains now to integrate the onstraint H⊥ = 0 in the neighborhood of the shell, from R − ǫ to
R + ǫ, where ǫ is the innitesimal thikness of the shell, with ǫ → 0. That is, we have to impose ∫ R+ǫR−ǫ drH⊥ = 0.
This integration should be performed in the asymptoti region, outside of the blak hole, sine there the normal to
the t = constant hypersurfaes is timelike, and thus the Hamiltonian formalism is diretly appliable. In addition,
one has to x from the start the same value of the harater χ on both sides of the shell (one has to hoose either
χ = 1 or χ = −1), i.e., one has to hoose whih of the two types of spaetime one is working with. Using then Eq.
(50) we obtain
∫ R+ǫ
R−ǫ
dr
(
−κ (d− 2)!
rd−2
d
dr
{
rd−1
[
F +
1
l2
]k}
− p
2
2Ωd−2
− T⊥⊥
)
= 0 , (64)
where T⊥⊥ is given in (45). Knowing (3) and (5), using (55), and dening the energy-density ontent of the shell
m ≡ σΩd−2Rd−2, the integration yields
1
2
m (γ+ + γ−) = (M+ −M−)−
ǫ(Q2+ −Q2−)
2(d− 3)
1
Rd−3
, (65)
where following Eq. (40)
γ+ ≡
√
f2+ + R˙
2 and γ− ≡
√
f2− + R˙2 , (66)
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γ± being the generalized Lorentz fator, and where the dierent indies+ and− stem from the fat that the integration
is made both in the V (−) (from R − ǫ to R) and V (+) (from R to R + ǫ) spaetimes. Note that when integrating
Eq. (64), we have used the fat that the radial eletri eld is zero inside a uniformly harged sphere, due to Gauss'
theorem, and that outside it is (Q+ −Q−)/(r2 + ǫ2), where ǫ denotes the distane from the surfae on the outside to
the point of measurement, r denotes the radius of the sphere, and f−2(r) is ontinuous in the domain of integration.
When there are blak holes this domain should be exterior to horizon of the blak hole solution, where the solutions
are stati. Then, the integration in r of the H(e)⊥ between the limits R − ǫ and R + ǫ is, in the limit of ǫ → 0,
equal to zero. Thus, the eletri eld does not ontribute to the shell equation through the radial integration of the
Hamiltonian onstraint. It is sometimes useful to write Eq. (65) in another way, namely to multiply both sides by
γ− − γ+. This yields the following equivalent equation
mχ ( gk+(R)− gk−(R)) =
[
gk+(R)
k − gk−(R)k
]
Rd−2k−1 (γ− − γ+) . (67)
Eq. (65), and its equivalent (67), were dedued for the asymptoti region, where the vauum spaetime is stati, but
in the ase a blak hole is present or being formed, with some are, those equations an be extended, by ontinuity,
to the interior blak hole region.
We proeed our study by analyzing now the eletrodynami onstraint (51). Inside the shell the eletri eld
solution, Q−/rd−2, is obtained by integrating the onstraint Eϕ = 0, i.e., Eq. (51) with j0 = 0, yielding the vauum
solution (58). In the same way, outside the shell the eletri eld solution, Q+/r
d−2
, is obtained by integrating the
onstraint Eϕ = 0, i.e., Eq. (51) again with j
0 = 0, yielding the vauum solution (58). It remains now to integrate
the onstraint Eϕ in the neighborhood of the shell, from R − ǫ to R + ǫ, where ǫ is the innitesimal thikness of the
shell, with ǫ→ 0. That is, we have to impose ∫ R+ǫ
R−ǫ dr Eϕ = 0. Using then Eq. (51), we obtain∫ R+ǫ
R−ǫ
dr
d
dr
(rd−2p) =
∫ R+ǫ
R−ǫ
dr rd−2j0 , (68)
where j0 is the time omponent of the vetor urrent, and j0 = σeδ(r −R)u0, where σe is the surfae harge density.
Dening the harge of the shell as q ≡ σeΩd−2Rd−2 yields
Q+ −Q− = q . (69)
Relation (69) is Gauss' law, and is a trivial onsequene of the onservation of harge.
The two master equations are then Eq. (65) (or its equivalent (67)) and Eq. (69). The former an be seen as a
dynami equation for R˙2, the latter is a stati equation that simply expresses the onservation of harge. Thus in the
rest of our study we onentrate on Eq. (65) (or equivalently on Eq. (67)).
(b) Rewriting the equations to simplify the analysis
Equation (65) (or Eq. (67)) was derived for the asymptoti at region, thus if there is a blak hole present it was
derived for the region exterior to the event horizon. We should now transform it in order to have it written in a more
workable manner. For that we have to square Eq. (65) appropriately. To simplify the notation let us dene the right
hand side of Eq. (65) as E, i.e.,
E ≡ (M+ −M−)−
ǫ(Q2+ −Q2−)
2(d− 3)
1
Rd−3
. (70)
Note that from (65) one sees that this quantity E is positive for positive shell mass m (i.e, positive energy density
σ > 0), a ondition we always assume throughout. Now we obtain from Eq. (65) a set of two equations whih give
the dynamis of the shell in detail. First, squaring Eq. (65) and using the denition (70), we get for R˙2 the following
expression
R˙2 =
[
E
m
− m
4E
(
f2+ − f2−
)]2 − f2− , (71)
or, alternatively
R˙2 =
[
E
m
+
m
4E
(
f2+ − f2−
)]2 − f2+ . (72)
Seond, there is one last step needed for the entire set of relevant equations, in the asymptoti region, to be written
down. This has to do with the fat that squaring Eq. (65) yields Eq. (71) (or, alternatively, (72)) making the
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solutions of (65) also solutions of (71) (or, alternatively, (72)) but not all solutions of the (71) (or, alternatively, (72))
are solutions of (65). So, a suient ondition is found by putting bak Eqs. (71) and (72) appropriately bak into
Eq. (65). One arrives then at the following onditions
f2+ − f2− ≥ −
4
m2
E2 , (73)
f2+ − f2− ≤
4
m2
E2 . (74)
Equations (73)-(74) dene impliitly a onstraint radius rc, meaning that, in the asymptoti region, a solution for
R(τ) is a solution of the equation of motion only if it obeys (71) (or, alternatively, (72)) and R(τ) > rc for all R. We
need now to hoose whih of the two relations, Eqs. (73) and (74), hold for the system in question. In order to do so,
we have to know what signal the dierene f2+ − f2− arries. From (57) one sees that the most general expression is
f2+− f2− = χ (gk−(r) − gk+(r)) , where gk(r) omes from (60). The signal on right hand side of this equation depends
on the dierene χ (gk−(r) − gk+(r)) being positive or negative, and this determines whih relation in (73)-(74) is the
relevant one to use. For example, in the ase where the interior is at, gk−(r) = 0, the right hand side is −χgk+(r).
In this ase when −χgk+(r) < 0 the relation in (73) is the relevant one, when −χgk+(r) > 0 the relation in (74) is the
appropriate one. (Note that for pure vauum, no shell, −χgk+(r) > 0, represents a solution with naked singularity
harater, while −χgk+(r) < 0 represents a solution with blak hole harater). In brief, Eq. (73) denes a onstraint
radius rc whih is of use in the asymptotially exterior region. So, in the asymptotially exterior region, Eqs. (71) (or
(72)) and (73)-(74) reovers the same solutions as those of the shell equation (65), with (73)-(74) being a onstraint
equation. With this set of equations, ontaining no square roots, one an analyze the spaetime evolution of the shell,
in the asymptoti region, outside the blak hole.
It is also useful to derive the aeleration of the shell radius. Dierentiating Eqs. (71)-(72) with respet to the
proper time of the shell τ , we get
mR¨ =
(Q2+ −Q2−)γ+γ−m
2E Rd−2
+ (d− 2)Rd−3Ωd−2Pγ+γ−
− m
2
4E
×
(
γ−
df2+
dR
+ γ+
df2−
dR
)
, (75)
where we have used the onservation equation (42) to arrive at the result
dm
dτ = −(d− 2)Rd−3PR˙, whih was used in
(75).
2. Analysis of two ases: matter in equilibrium and gravitational ollapse
We an now apply the above equations of motion to a variety of physial situations. We hoose two interesting
ases, namely stati matter in equilibrium and gravitational ollapse of matter.
(a) Matter in equilibrium
To nd a solution for a stati shell we have to determine the radii where both the veloity of the shell and its
aeleration are null, i. e., R˙ = 0 and R¨ = 0, in the Eqs. (71) (or, alternatively, (72)) and (75), respetively. Foring
R˙ = 0 in (71) (or, alternatively, (72)) yields
Rd−30
[
1
2
m (
√
f2+ +
√
f2−) − (M+ −M−)
]
=
ǫ(Q2+ −Q2−)
2(d− 3) , (76)
where R0 is the radius at whih the shell is stati, and f
2
+ and f
2
− are evaluated at R0. To be in equilibrium we have
to impose, in addition, R¨ = 0, whih when ombined simultaneously with (76) gives the pressure neessary to hold
the thin shell in equilibrium. This pressure is then given by
P = − 1
(d− 2)Rd−30 Ωd−2 γ+γ−
[
(Q2+ −Q2−) γ+γ−m
2ERd−20
− m
2
4E
(
γ−
df2+
dR
∣∣∣∣
R0
+ γ+
df2−
dR
∣∣∣∣
R0
)]
, (77)
where the funtions are evaluated at R0, given by (76). Thus, we obtain the pressure in terms of the parameters of
the problem, suh as d, k, m, M+, M−, Q+, Q−, and the radius of the stati shell R0, for a stati onguration. As
a partiular simple ase we may apply the above expressions to nd the pressure neessary to hold the shell in stati
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equilibrium in general relativity (k = 1, χ = 1), without harge, and for zero osmologial onstant and at interior.
This gives
P =
(d− 3)
2(d− 2)
G m2
Ωd−2Rd−20 (R
d−3
0 −m)
, (78)
where R0 is the radius of the stati shell, given by R0 =
(
Gm2/[2(m−M)])1/(d−3), and G is the Newton's onstant
for k = 1, i.e., we have done Gk=1 ≡ G, whatever the dimension d. In four dimensions, d = 4, Eq. (78) redues to
P = (Gm2)/(16 πR20(R0 −m)) , with R0 = Gm2/[2(m−M)], onrming the result given in [27℄.
(b) Gravitational ollapse
In this analysis of gravitational ollapse in Lovelok gravity oupled to Maxwell eletromagnetism, we rst study
a simple example of harged dust matter ollapsing into an empty interior and then prove osmi ensorship in the
generi ase of shell ollapse into an interior free of naked singularities. An analysis of gravitational expansion, not
worked out here, follows straightforwardly by performing a time reversal operation on the ollapsing solutions.
(i) Gravitational ollapse of dust matter in an empty interior:
In order to have an idea of the main features of gravitational ollapse in Lovelok gravity oupled to Maxwell
eletromagnetism, rather than analyzing the full problem, whih an be daunting sine there are a great number
of parameters to play with, we investigate the simplest problem, namely, of gravitational ollapse of harged dust
matter into an empty interior. Even then, in this ase the task of studying it in full detail is enormous, sine one
has rst to set the dimension of the spaetime, the dimension of the k parameter, and then all the other parameters.
So we resort to study it somewhat generially, and then give some partiular examples in the diverse theories that
we hose to study. The aim is to show that gravitational ollapse is possible in this subset of theories of Lovelok
gravity, reinforing some similarities whih this has with general relativity, as well as showing some new features. So,
in the following we analyze the ase where the matter is omposed of dust partiles with P = 0, in whih ase m is a
onstant and an be identied with the shell's rest mass, and where the interior is empty, in whih ase the funtion
f−(R) is given through f2−(R) = R
2/l2 + 1.
Before proeeding, it is neessary to emphasize that the Lovelok theory we are analyzing is separable into two
branhes: (i) the d − 2k − 1 > 0, whih an have even and odd dimensions, and inludes general relativity when
k = 1 (any d), inludes the Born-Infeld ase of the dimensionally ontinued theory when k = [d−12 ], and inludes other
generi ases, and (ii) the d− 2k− 1 = 0, whih an only have odd dimensions and is preisely the Chern-Simons ase
of the dimensionally ontinued theory. We study eah branh in turn.
The branh d − 2k − 1 > 0 (general relativity when k = 1 (any d), Born-Infeld when k = [d−12 ], and other generi
ases):
The d − 2k − 1 > 0 branh allows theories in even and odd dimensions. For instane in d = 6 one an have k = 1
(general relativity) and k = 2 (general relativity with a generalized Gauss-Bonnet term) theories, whih in the ase
k = 2 gives a Born-Infeld theory. On the other hand, in d = 7 one an also have theories with k = 1 (general
relativity) and k = 2 (general relativity with a generalized Gauss-Bonnet term), but none of these is a Born-Infeld
theory. Indeed, as already alluded to in Se. II, the Born-Infeld ase is the realization of this Lovelok theory in even
dimensions, for whih k = [d−12 ].
Considering thus an empty interior, with M− = 0 and Q− = 0, one has f2−(R) = R
2/l2+1. Putting then M+ = M ,
Q+ = Q, and χ = (±1)k+1 (see (61)) one nds from Eqs. (71)-(72) that the shell equation for d− 2k − 1 > 0 is,
R˙2 =

M − ǫQ22 (d−3)Rd−3
m
+
m
4
(
M − ǫQ2
2 (d−3)Rd−3
) ×
× χ
(
2Gk
Rd−2k−1
)1/k (
M − ǫ
2 (d− 3)
Q2
Rd−3
)1/k)2
−
−
(
1 +
R2
l2
)
, (79)
In order to have physial solutions, we have to demand R˙2 > 0.
The equation of the aeleration of the thin shell (75), allows us to understand the fores ating on the shell in
ollapse. Expanding the γ± dened in (66), with R˙2 replaed by the right hand side of (71) or (72), appropriately
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FIG. 2: In this gure the branh d − 2k − 1 > 0 (general relativity when k = 1, Born-Infeld when k = [ d−1
2
], and other
generi ases) is studied in some partiular instanes. In eah plot the eetive potential R˙2 as a funtion of r (whih gives the
turning points and the allowed regions for the shell), and the metri funtion f2(r) as a funtion of r (whih gives the horizon
formation, for several dierent values of the parameters) are displayed. The vertial axis Φ(r) represents both R˙2(r) (full line)
and f2+(r) (dashed line). Note that the thin shell trajetory is allowed only in the region where R˙
2
is positive. In all the plots
the respetive Newton's onstant is put equal to the unity, Gk = 1, so that radii and energies are measured in the respetive
Plank units (~ = 1, c = 1). (a) General relativity, k = 1, left plot is for d = 4 and right plot for d = 10, with χ = 1 in both
plots (χ = −1 is not possible for k odd), (b) Born-Infeld, k = [ d−1
2
], left plot is for χ = 1 and right plot for χ = −1, () General
relativity with a generalized Gauss-Bonnet term, k = 2, a partiular ase of 1 < k < [ d−1
2
], left plot is for χ = 1 and right plot
for χ = −1. See text for details.
hosen, we have
γ± =
∣∣∣∣∣∣
M − ǫQ22 (d−3)Rd−3
m
± m
4
(
M − ǫQ2
2 (d−3)Rd−3
) ×
× χ
(
2Gk
Rd−2k−1
)1/k (
M − ǫ
2 (d− 3)
Q2
Rd−3
)1/k∣∣∣∣∣ . (80)
20
Then Eq. (75) for an empty interior turns into
R¨ = −2R
l2
+
Q2γ+γ−
2E Rd−2
− χ m
2E
×
(
γ−
1
k
(
2GkM
Rd−2k−1
− ǫGk
d− 3
Q2
R2(d−k−2)
) 1−k
k
×
(
2(d− 2k − 1)GkM
Rd−2k
− 2 (d− k − 2)ǫGk
d− 3
Q2
R2(d−k)−3
))
, (81)
where the funtions γ± are given in (80), and we have used Eq. (65). The rst term on the right hand side of Eq.
(81) is proportional to the radius of the thin shell, meaning that this term dominates the aeleration for large values
of R, it tends to −∞ as R → ∞ dominating all the others, and sine the term is negative it points towards the
enter. The term proportional to the square of the eletri harge Q2 inludes a R˙2 terms and a |R˙| term (due to
the produt γ−γ+). This means that the harge term is positive for a thin shell, works to push the shell to higher
radii, and it tends to zero as R → ∞. The third term has several terms inluded, like gravitational and visosity
fores per unit mass terms. A simple example where the terms in Eq. (81) are drastially redued is when we put
d = 4, k = 1, l2 →∞, Q = 0, i.e., the ase of an unharged shell ollapse in usual general relativity in four dimensions.
Then we get for the aeleration of the shell, R¨ = −M/R2 +m2/(4R3) . The term m2/(4R3) is a orretion to the
Newtonian dynamis, representing a self gravitational potential energy.
Sine, in general, the harater χ has two values, χ = ±1, for the branh we are analyzing, we study separately both
ases. Note rst that for χ = 1 one has from (57) that the shell spaetime solution has a blak hole harater (i.e.,
for ertain hoies of the parameters one has a blak hole solution), whereas for χ = −1 one has from (57) that the
shell spaetime solution has a naked singularity harater (i.e., there are no possible hoie of parameters that give a
blak hole). So, sine when k is odd (suh as in general relativity where k = 1) the harater χ = 1 for sure, odd k
allows blak hole harater solutions only, and sine when k is even (suh as in general relativity with a Gauss-Bonnet
term where k = 2) the harater χ an have both values ±1, even k an have both blak hole and naked singularity
harater solutions.
For χ = 1 the spaetime has a blak hole harater. When the shell ollapses it will pass through its horizon
radius, dened by the equation f2+(rh) = 0. So for χ = 1 shell ollapse implies the formation of a blak hole. To
see this more learly, note that from Eq. (57) the relation f2+(rh) = 0 dening the horizon turns into
(
1 + r2h/l
2
)
=(
2Gk/r
d−2k−1
h
)1/k (
M − (ǫQ2)/(2 (d− 3)rd−3h )
)1/k
. One an show by inspetion that the horizon radius is always
larger than the turning radius rt, rh > rt. So in this type of Lovelok gravity the boune is always inside the event
horizon, whih implies the shell expands into another universe, a result already obtained in pure general relativity
[29℄.
For χ = −1 the spaetime has a naked singularity harater. We an now give an argument whih shows that
osmi ensorship holds in the ase of d− 2k− 1 > 0, with an empty interior. The spaetime would be singular if the
shell would hit re, given in (63). Through the shell equation, Eq. (65), we see that M − (ǫQ2)/(2 (d− 3)Rd−3) > 0 .
However, the singularity at re makes the right hand side of the shell Eq. (65) zero. This shows that the radius of this
singularity is out of the region of validity of the shell equation, preventing the ollapse of the harged shell to form a
naked singularity, and validating here the osmi ensorship hypothesis. Note that this is only appliable to k even.
In Figure 2 the branh d−2k−1 > 0 (general relativity when k = 1, Born-Infeld when k = [d−12 ], and other generi
ases) is studied in some instanes. In eah plot the eetive potential R˙2 as a funtion of R (whih gives the turning
points and the allowed region for the shell motion), and the metri funtion f2(R) as a funtion of R (whih gives
the horizon formation), for several dierent values of the parameters, are shown. The vertial axis Φ(r) in the gure
represents both R˙2(r) (full line) and f2+(r) (dashed line). The thin shell trajetory is allowed only in the region where
R˙2 is positive. In all the plots we have made the respetive Newton's onstant equal to the unity, Gk = 1, so that
radii and energies are measured in the respetive Plank units (~ = 1, c = 1). We have not plotted R¨ sine it yields
a totally dierent sale in the vertial axis, rendering the other two funtions, R˙2 and f2(R), almost invisible. We
now look at eah hoie of plot in turn. (a) General relativity, k = 1. Left plot: d = 4, l = ∞, M = 1000, Q = 300,
m = 20. Right plot: d = 10, l = ∞, M = 200, Q = 300, m = 30 (sine k is odd, one has χ = 1 for both plots).
More speially, the left plot is the usual general relativity with d = 4 (whih inidentally is also a Born-Infeld
type theory), and the right plot is general relativity with d = 10. There is always ollapse to a blak hole, a result
onrmed by both plots. Indeed, sine R˙2 is nonzero at the horizon, where f2+(r) = 0, the shell passes smoothly
through the horizon itself. So there is no boune outside the horizon, the boune being inside the horizon, and into
another universe. For example, in d = 4 the value of the radius of the boune, or turning point, inside the horizon is
given by rt = (m
2−Q2)/(2(m−M)) = 45.7 in the units dened above. This agrees with the expressions given in [29℄,
where using Israel's formalism [21℄, as opposed to the Hamiltonian methods used here, a full study of the equation of
motion and of the turning points in d dimensional general relativity was performed. (b) Born-Infeld, k = [d−12 ]. Left
21
plot: d = 10, k = 4, χ = 1, l = ∞, M = 10000, Q = 30000, m = 1. Right plot: d = 10, k = 4, χ = −1, l = ∞,
M = 10000, Q = 30000, m = 1. More speially, the left plot is for χ = 1, and we nd there is always ollapse to a
blak hole, sine R˙2 is nonzero at the horizon, where f2+(r) = 0, and the shell passes smoothly through the horizon
itself. There is a boune inside the horizon into another universe. The right plot is for χ = −1, with the same hoies
of the other parameters as for χ = 1. In this ase the external spaetime has a naked singularity harater. Here there
is no horizon beause the metri funtion f2+(r) has no zero. There is a zero of R˙
2
, whih limits the region R˙2 > 0,
the region where the shell has its trajetory. The zero is larger than the radius at whih there is a singularity. Thus
the ollapse never forms a naked singularity. () General relativity with a generalized Gauss-Bonnet term, k = 2, a
partiular ase of 1 < k < [d−12 ], (here the intermediate ases, (1 < k < [
d−1
2 ]), where k is neither minimum (general
relativity), nor maximum (Born-Infeld), are studied). Left plot: d = 10, k = 2, χ = 1, l = ∞, M = 1000, Q = 300,
m = 20. Right plot: d = 10, k = 2, χ = −1, l =∞, M = 1000, Q = 300, m = 20. The hoie of the oeients αp are
given in Eq. (3). More speially, the left plot is for χ = 1, and we see there is always ollapse to a blak hole, sine
R˙2 is nonzero at the horizon, where f2+(r) = 0, and the shell rosses the horizon smoothly. There is also a boune
inside the horizon. The right plot is for χ = −1, where the external spaetime has a naked singularity harater.
There is no horizon, beause there are no zeros of f2+(r). The region where R˙
2 > 0, where the shell has its trajetory,
is limited on the left by the zero of R˙2. The zero of R˙2 is larger than the radius at whih there is a singularity. There
is thus no ollapse to form a naked singularity. In all the gures (a), (b) and () we have shown bouning solutions
only, although one ould easily nd parameters for whih the ollapsing shell suers no boune and goes all the way
down to the singularity. Note that a general set up for the study of the turning points and the shell's trajetory in
a Carter-Penrose diagram for the ausal struture (with a orresponding areful analysis of the normal to the shell
along the trajetory), as was done analytially for d dimensional general relativity in [28, 29℄, ould also be performed
here ase to ase, i.e., giving d and k. However, this is beyond the sope of this work.
The branh d− 2k − 1 = 0 (Chern-Simons):
The d− 2k− 1 = 0 branh implies d is odd always. Moreover the theory is of Chern-Simons type. The d− 2k− 1 > 0
branh and the Chern-Simons d − 2k − 1 = 0 branh, are quite distint. First, in this latter branh, in this harged
setting, there is no general relativity (k = 1), beause the theory is dened only for d > 3, and thus k ≥ 2 (however in
the unharged ase the theory is well dened for d = 3, yield three dimensional general relativity, see [19℄). Seond,
for the d− 2k− 1 > 0 branh one has that the vauum mass is M− = 0, whereas for the d− 2k− 1 = 0 Chern-Simons
branh the vauum mass is M− = −(2Gk)−1. From (57) and (60) one nds that the interior for the Chern-Simons
theory with M− = −(2Gk)−1 is haraterized by f2−(R) = R2/l2 + 1 also.
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FIG. 3: In this gure the branh d− 2k− 1 = 0 (Chern-Simons, d always odd) is studied in some partiular instanes. In eah
plot the eetive potential R˙2 as a funtion of r (whih gives the turning points and the allowed regions for the shell), and the
metri funtion f2(r) as a funtion of r (whih gives the horizon formation, for several dierent values of the parameters) is
displayed. The vertial axis Φ(r) represents both R˙2(r) (full line) and f2+(r) (dashed line). Note that the thin shell trajetory
is allowed only in the region where R˙2 is positive. In the plots the respetive Newton's onstant is put equal to the unity,
Gk = 1, so that radii and energies are measured in the respetive Plank units (~ = 1, c = 1). Left plot is for k = 2, d = 5 and
χ = 1, and right plot is for k = 2, d = 5 and χ = −1. See text for details
From Eq. (65) the shell equation for d − 2k − 1 = 0, M− = −(2Gk)−1, M+ = M , Q− = 0, Q+ = Q, and
χ = (±1)k+1 is,
R˙2 =

M + (2Gk)−1 − ǫQ22 (d−3)Rd−3
m
+
m
4
(
M + (2Gk)−1 − ǫQ22 (d−3)Rd−3
) ×
22
× χ (2Gk)1/k
(
M + (2Gk)
−1 − ǫ
2 (d− 3)
Q2
Rd−3
)1/k)2
−
−
(
1 +
R2
l2
)
. (82)
In order to have physial solutions, we have to demand R˙2 > 0.
Sine, in general, χ = ±1, we study separately both ases. Again note rst that for χ = 1 one has from (57) that
the shell spaetime solution has a blak hole harater, whereas for χ = −1 one has from (57) that the shell spaetime
solution has a naked singularity harater. So, sine when k is even (suh as in general relativity with a generalized
Gauss-Bonnet term, where k = 2 and d = 5) χ an have both values ±1, even k an have both blak hole and naked
singularity harater solutions, and sine when k is odd (suh as k = 3, and d = 7) χ = 1 for sure, odd k allows
solutions of blak hole harater only.
For χ = 1 (so k an be odd or even) the horizon is loated at the radius rh given impliitly by the equation (see
(57))
(
1 + r2h/l
2
)
= (2Gk)
1/k (M + (2Gk)−1 − (ǫQ2)/(2 (d− 3)rd−3h ))1/k . When the parameters m, M , Q, l yield a
solution for the ollapsing shell then the shell will pass through its own event horizon at rh and form a blak hole.
For χ = −1 (so k an be even only), the shell solution has a naked singularity harater. We an again give an
argument to show that osmi ensorship in the partiular ase of Chern-Simons (d−2k−1 = 0) with an empty interior
holds. Indeed, from Eq. (65) one nds that the following relation holds M + (2Gk)
−1 − (ǫQ2)/(2 (d− 3)Rd−3) > 0 .
Noting that re, given in (63), makes the right hand side zero, this means that this singularity is unattainable through
gravitational ollapse. Thus osmi ensorship holds in harged ollapse in a Chern-Simons type theory. This is in
ontrast to unharged ollapse in the same theory where naked singularities an form [26℄.
Finally we write the equation of the aeleration of the thin shell, whih allows us to understand the fores ating
on the ollapsing shell. Expanding the γ± dened in (66), with R˙2 replaed by the right hand side of (71) or (72),
appropriately hosen, we have
γ± =
∣∣∣∣∣∣
M + (2Gk)
−1 − ǫQ2
2 (d−3)Rd−3
m
± m
4
(
M + (2Gk)−1 − ǫQ22 (d−3)Rd−3
) ×
× χ (2Gk)1/k
(
M + (2Gk)
−1 − ǫ
2 (d− 3)
Q2
Rd−3
)1/k∣∣∣∣∣ . (83)
As before, the onstraint radius marks the lower bound of validity of the shell's equations. Then the Eq. (75) for an
empty interior turns into
R¨ =
Q2γ+γ−
2E Rd−2
− m
2E
×
(
γ−
[
2R
l2
− χ 2
d− 1
(
2GkM + 1− ǫGk
d− 3
Q2
Rd−3
)−d−3
d−1
×
(
ǫGk
Q2
Rd−2
)]
+ γ+
2R
l2
)
= −2R
l2
+
Q2γ+γ−
2E Rd−2
+ χ
m
2E
×
(
γ−
2
d− 1
(
2GkM + 1− ǫGk
d− 3
Q2
Rd−3
)−d−3
d−1
×
(
ǫGk
Q2
Rd−2
))
, (84)
where the funtions γ± are given in (83), and we used Eq. (65) in the seond equality. For unharged ollapse Q = 0
the aeleration is always negative, as an be easily heked from Eq. (84). In the harged ase Q 6= 0, there is
no denite sign on the right hand side of Eq. (84), it depends on the radius at whih the shell is loated. Thus,
re-expansion, after a ollapsing phase, is allowed.
In Figure 3 we show the eetive potential R˙2 as a funtion of R (whih gives the turning points and the allowed
regions for the shell), and the metri funtion f2(R) as a funtion of R (whih gives the horizon formation), for several
dierent values of the parameters. The vertial axis Φ(r) in the gure represents both R˙2(r) (full line) and f2+(r)
(dashed line). The thin shell trajetory is allowed only in the region where R˙2 is positive. In all the plots we have
made the respetive Newton's onstant equal to the unity, Gk = 1, so that radii, energies and fores are measured in
the respetive Plank units (~ = 1, c = 1). Left plot: d = 5, k = 2, χ = 1, l = 50, M = 20, Q = 610, m = 5. Right
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plot: d = 5, k = 2, χ = −1, l = 50, M = 20, Q = 300, m = 5. More speially, the left plot shows a region limited
by two zeros of R˙2, the region where a trajetory of a thin shell is possible. The horizon, given by the larger zero
of f2(R), is inside the region where R˙2 > 0, whih means that the shell passes smoothly through the horizon. The
shell then suers a boune inside the horizon into another universe. The plot on the right shows a naked singularity
harater exterior spaetime, whih means that there is no zero of f2(R), hene no horizon. There is, however, no
ollapse to a naked singularity, beause the region where R˙2 > 0 is limited by two zeros, the smaller being larger than
the onstraint radius. Thus the shell bounes between two extreme values of R, and so does not ollapse at all. In
the gure we have shown bouning solutions only, although as before one ould produe totally ollapsing solutions.
As in the d − 2k − 1 > 0 branh, a general set up for the study of the turning points and the shell's trajetory in a
Carter-Penrose diagram for the ausal struture ould be performed here, but this will not be done.
(ii) Cosmi ensorship:
Given the experiene we have aquired with the above examples, one an now study osmi ensorship diretly from
Eq. (65) or (67). Cosmi ensorship holds if no naked singularity forms from gravitational ollapse in an initially
nonsingular spaetime or if no naked singularity forms from gravitational ollapse in a spaetime initially ontaining
a blak hole. We assume Q+ 6= 0 and Q− 6= 0. There are three suh ases in our study: rst, both spaetime regions
on eah side of the ollapsing shell have harater χ = 1, and the interior solution is a blak hole spaetime; seond,
both spaetime regions on eah side of the ollapsing shell have harater χ = 1, and the interior solution is an empty
vauum spaetime; and third, both spaetime regions on eah side of the ollapsing shell have harater χ = −1, and
the interior solution is an empty vauum spaetime. On all these ases osmi ensorship holds. For the rst ase,
that both spaetime regions on eah side of the ollapsing shell have harater χ = 1, and the interior solution is a
blak hole spaetime, given the above dynami equation one an diretly prove that the ollapse of a harged shell in
suh a bakground never yields a naked singularity spaetime. To start with we have a shell ollapsing into an interior
blak hole spaetime. This means that the χ term on the left of (67) is positive (otherwise the interior would not be
that of a blak hole spaetime). From Eq. (65) it is known that gk+(R)
k − gk−(R)k > 0, beause this expression is
the right hand side of (65). If then the shell is ollapsing onto an existing blak hole, and it is suh that the result
would be a naked singularity, i.e., the ollapsing shell is suiently overharged, then f2−(rh) = 0 for a ertain rh,
and f2+(r) would always be larger than zero (beause in the exterior spaetime there would be no horizon). It is then
lear that the term (γ− − γ+) is negative if the shell reahes rh. However, as we are working in the asymptotially
outside region, then gk(r) > 0. This means that the signal of gk(r) is the same as that of gk(r)
k
, and so the signal
of gk+(R)
k − gk−(R)k is the same as that of gk+(R) − gk−(R). This results in the fat that the left hand side of
(67) is positive at the horizon of the inner blak hole, dened by f2−(rh) = 0, and that the right hand side of the
same Eq. (67) is negative, whih implies a ontradition. For the seond ase, that both spaetime regions on eah
side of the ollapsing shell have harater χ = 1, and the interior solution is an empty vauum spaetime, one an
treat it as a limiting ase of the rst ase, as the mass of the interior blak hole goes to zero, or diretly using similar
arguments as above, with the result that a ollapsing shell, if underharged forms a blak hole, if overharged has
a boune bak from where it ame. For the third ase, that both spaetime regions on eah side of the ollapsing
shell have harater χ = −1, and the interior solution is an empty vauum spaetime, one an write Eq. (67) as
m = −gk+(R)k−1Rd−2k−1 (γ−−γ+) . One sees that when the shell approahes re, its right hand side approahes zero,
whereas the left hand side approahes a nite value. So there is a boune and the shell never ollapses to a singularity.
These three ases prove the result, and yield osmi ensorship in harged bakgrounds in the Lovelok theory we
are studying oupled to Maxwell eletromagnetism. We now briey omment on the unharged ase Q+ = Q− = 0.
One an prove that in this partiular ase, in the d− 2k − 1 > 0 branh one has no formation of naked singularities,
whereas in the d − 2k − 1 = 0 unharged branh there is formation of naked singularities, so that one an say that
eletrial harge ats really as a osmi ensor.
Thus, a harged shell never develops a naked singularity. This is rather like having a shell with some angular
momentum, a situation whih is muh harder to study diretly in theories with d > 3. Nonetheless, the speial ase
of an unharged ollapsing shell in d = 3 with angular momentum was studied in [24, 25℄, with the result that indeed
the angular momentum also prevents the formation of a naked singularity.
IV. CONCLUSIONS AND PHYSICAL IMPLICATIONS
There are two main onlusions from this work. One onlusion is that the Hamiltonian formalism is a powerful
method to treat in a unied way spaetimes omposed of several piees, suh as several vaua and thin shells, in
theories muh more ompliated than general relativity suh as the subset of theories derived from Lovelok gravity
oupled to Maxwell eletromagnetism we have studied. The other onlusion is that, when the spaetimes in question
have the same harater of those spaetimes provided by general relativity (χ = 1), the ollapse of the thin shells in
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the bakgrounds, blak hole or otherwise, of eah dierent type of Lovelok theory is in many ways similar to the
ollapse in general relativity itself, and when the spaetimes in question have the opposite harater (χ = −1), some
other new features appear. This in turn has the following physial impliations: if indeed there are extra dimensions
with a relative large size, as exposed in the Introdution, then the new and the old features, when onfronted with
experimental data, an provide the signature to the unovering not only of the atual spaetime dimension d, but also
of the value of the parameter k, i.e., of whih partiular Lovelok gravity nature piks up at the appropriate sales,
whether be it general relativity (k = 1, any d), Born-Infeld (k = maximum, even d), Chern-Simons (k = maximum,
odd d), or other generi gravity (other k, any d). Of ourse, a full quantum treatment, or even a semilassial
approximation, would be muh more appropriate for this kind of questions, but for Lovelok type gravities the
tehnial diulties are exponentiated easily, and thus it is advisable to start up with a lassial analysis, as we did
here.
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